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Abstract

Abriefaccount of the life and work of Istvan Vincze, a prominent Hungarian statistician, is given. His
contributionsin various topics are discussed. They include empirical distribution, Kolmogorov—Smirnov
statistics, information theory, Cramér—Fréchet—Rao inequality, estimation of density, and a character-
ization problem.
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1. Introduction

Istvan Vincze was born in Szeged, Hungary, on February 26, 1912. After his graduation
from the University of Szeged in 1935, he worked for a Hungarian Insurance Company
until 1945. The second world war interrupted his career. After the war, he worked for the
Ministry of Education until 1950. Then, he was invited by the late Alfréd Rényi to join
an Institute, whose main duty was set to do both theoretical and applied Mathematics. In
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this way, he became one of the founders of the Mathematical Institute of the Hungarian
Academy, whose director was Alfréd Rényi. Vincze was the Head of the Statistics De-

partment until his retirement in 1980, and during 1950-1964 he also served as Deputy
Director of the Institute. He was also a Professor in Statistics at the E6tvds Lorand Uni-

versity, Budapest. | had the privilege to be one of his numerous students in Statistics.
He was considered as one of the main experts in both Theoretical and Applied Statistics
in Hungary and also all over the world. Although in the early stage of his research ac-

tivity he was interested in Geometry, on which he wrote several papers, including joint

papers with Erd$§, he has made significant contributions to several branches of Statistics,
such as Quality Control, Nonparametric Statistics, Empirical distributions, Cramér—Rao

inequality, Information Theory, etc. He is the author of more than 100 research papers and
10 books.

He was awarded a number of honors in his life, including the Hungarian State Prize in
1966 and Gauss Ehrenplakette in 1978.

Except for the last two years of his life, he was very active even when he was over
80. He worked regularly in the Mathematical Institute, gave seminar talks, participated
in conferences, such as Probastat, Bratislava, 1991 and 1994, Stochastic Modeling and
Lattice Path Combinatorics, Delhi, 1994, Stability Problems, Kazan, 1995, Approxima-
tion Theory, Budapest, 1995, Statistical Conference, Poland, 1996. He was invited to the
Combinatorial Methods Conference, Hamilton, Canada, 1997. He wrote a paper for the
occasion (se®incze and Dfos, 1997, but an unfortunate accident prevented him from
participating.

Professor Istvan Vincze visited many universities and institutes all over the world. He
spent several months in China, GDR, USA, Canada, Argentina, etc. He was invited as
speaker to several conferences, including three Berkeley Symposiums: 1960, 1965, 1970.
He also organized a number of conferences: European Meeting of Statisticians in Budapest,
1972, Nonparametric Statistical Inference in Budapest, 1980, Pannonian Symposiums on
Mathematical Statistics in Bad Tatzmannsdorf in 1979, 1981 and 1983, and in Visegrad,
Hungary, 1982. He was the director of the Unesco courses on Probability and Statistics,
held in the Mathematical Institute, Budapest in 1964 and 1968.

Professor Vincze was a very kind man, and his hospitality was legendary. He would walk
with his guests through Budapest an entire day to show them the most important tourist
attractions and serve as a real guide to explain the history of Hungary attached to a particular
building and place. He was physically vigorous all his life.

Istvan Vincze will be remembered by the statistical community for his warmth, humanity
and friendliness.

In this paper, we summarize the most important contributions of Professor Istvan Vincze
in the following areas, focusing mainly on the first topic, but mentioning briefly his contri-
butions in other subjects as well:

empirical distribution, random walk, lattice paths,
information theory,

Cramér—Fréchet—Rao inequality,

estimation of density and its derivatives,

a characterization problem.
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2. Empirical distribution, random walk, lattice paths

Professor Vincze was the main contributor to the theory of empirical distributions and
random walks (lattice paths), which were among his favorite topics. Consider a random
sample

(le X2, ..., Xn)

of sizen, coming from a population with (theoretical) distribution functib ) =P(X 1 < x).
The empirical or sample distribution function is defined by

n

Fn(x>=% > X<y,

i=1

wherel{A} stands for the indicator of the eveAt Empirical distribution functions are
widely used in statistics, nonparametric statistics in particular. In the two-sample case,
Gnedenko and Korolyuk (195Heveloped a method based on random walk models. Let
(X1, X2,...,X,) and (Y1,Yo,...,Y,) be two samples coming from continuous
distributions. LetF (x) and G(x) resp. be their theoretical distribution functions and let
F,(x) and G,,(x) resp. be their empirical distribution functions. Testing the null hy-
pothesis | : F(x) = G(x), a humber of statistics have been investigated and their
distributions, limiting distributions and other characteristics have been determined
in the statistical literature. The idea of Gnedenko and Korolyuk was as follows:
let

Zi<Z5<---<Z}

n+m

denote the order statistics of the union of the two samples and define

1

+1 if Z¥ =X; for somej,
{—1 if ZF =Y, for somej,
i=12,....,n+m. Put

So=0, Si=01+---+0;, i=12...,n+m.

Then(So, S1, ..., Sqy+m) is @ random walk path witls,,, = n — m and under Iy each
of them has the same probability. This idea of Gnedenko and Korolyuk enables one to
determine the distributions of certain statistics by reducing the problems to combinatorial
enumeration.

In a series of papers, Professor Vincze and his collaborators presented a number of results
onthis subject. His first result concerns the joint distribution of the maximum and its location
in the case ofi = m. Define

BT =n max(F, - = max §S;
n n o (Fu(x) — Gu(x)) 1< Som S

and letR;} be the first index for which this maximum is achieved.
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Moreover, put

B,=n ngxa)X|Fn(x) - G,(x)| = 132)(% |S;i]
and letR,, be the first index for which this maximum is achieved.
Then, undeHy, Vincze (1958)showed

_kke+ D) (i) (Ztih)
S r@n—r+1) (2n> '

n

P(B =k,R =r)

k=12,....n,r=k,k+2,...,2n — k.
Concerning the joint limiting distribution, it was shown that

. Bt Rt
lim P( ” <y,—”<z>

n—o0 /21’1 n
2 y z 2 2
:\/j/ / u—32 exp(— u—) du dv.
T Jo Jo (w@—=v)¥ v(l—v)
Furthermore,
(k) 4 (k+1)
24/ A2n—r+1

P(Bn=k,Rn=”)=T,
n
with
o0 .
(2] + Dk r
AB N Ly
w3 e

r &
i=0 2

and

i (2 < B ) < B[ [ e - e
Jim \/Z<y, n<z = n/(; /0 fu,v) f(u,1—v)dudv,

where
y > 2.2
-7 —1/ (27 + 1)e(@i+Dy9)/2z
fo= 55 2 D/@j+D
j=0
Reimann and Vincze (1968}udied the case of different sample sizes. Define

B, =max(nF,(x) —mGy,(x))=_max
' (x) 1<i<n+m

and letr,",, be the first index for which this maximum is achieved.
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Furthermore, put

m—n m—n
Bn,m = max|\nF,(x) —mG,(x) + -
(x) 2 2
= max S»—i—m_n m-n
T i<i<ndm| ! 2 2

and letR, ,, be the first index for which this maximum is achieved. Let > n. It was
shown that

m+n

i 2k+1+m—n (n—k)

P(Bn,mzk)= m+k+1 (m+n)
n

and

n

1 i m+n m+n
P(Bn,m—k)_w j;oo<<m+js> - (m+k+jS>>

mtntl 20 In . kin (s —k)in
R — cod"™ = sin — sin ———,
s (m;rn) ; s s s

with s =2k +m —n. Joint distributions of B, R) and limiting distributions were also given.
These Reimann-Vincze statistics are different from the usual Kolmogorov—Smirnov
statistics sup, (F,(x) — Gu(x)) Or SUR)|Fu(x) — Gn(x)|, but have the advantage of
easier computations of their distributiori&ul and Quine (1974have shown that when
the sample sizes are slightly different only, then the Bahadur efficiency of Reimann—Vincze
statistics relative to the Kolmogorov—Smirnov statistics is 1.
Vincze (1959, 1963)proposed the use of generating functions to determine the above
distributions and joint distributions. It was shown that

oo 2n—k

2
3 ( ”) P(B =k, RF = rv'w"
n=k r=k n
22k+lvkwk

T 1+ vI-20Zw)f(1+ VI=dw)ctt

and
>, = 2n
Z < ) P(Bn e k, Rn = r)Zr*kwnfk
n=k r=k n
-2 (1 + (U(U)))k+1(1 + w(zzw))k
1+ (@)Y A+ (02w))
with

l—«/l—4z_ 47
1+/1—4z (1+J1-47)%

w(z) =
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Now let

X;<X5<---<X), (Y{<Yi<---<Y))

n

denote the ordered samples. Then

n 2n
o ZI{X*>Y}_ D US> 0+ 1{Sii1=+1, 5 =0)
i=1 i=1

is the so-called Galton statistic€hung and Feller (194%howed thaty, is uniformly
distributed, i.e.,

P(Vnzg)z g=0,1,2,...,n

n+1’
Csaki and Vincze (19619onsidered the number of crosses

2n—-1

=y 1S =0, Si_15111<0)
i=1

and showed that

PUn=t—-1)==

and
nli_)moo P(A, <yv2n)=1-— e_zyz, y=0.

The joint exact and limiting distributions @f,,, 4,) were also given, namely,

P(/n—g’/bn_g_l)_ (2}1) m<g—ﬁ/2) (n_g_£/2>

for ¢ even, and

Py, =g, ln=€-1)

12— << 2g )( 2n — 2g )
- ?)4g(n—g) g—U+D/2)\n—g—-(t—-1)/2

(=2 n2) e esny2))
g—(L-=1/2 n—g—W+1))/2

for ¢ odd. For the joint limiting distribution, it was shown that

I|m Py, <zn, Ay gyvzn)

Lt2
\/>/ /0 (v - v))3/2 p<— m) du dv.
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Another use of the generating function method is foun€géki and Vincze (1963b)
where the joint distribution of the maximum and the number of crosses was given in the
form

N

Z(i”)P(mxaxm(x) G0y =~ ) n_£—1>

n=1
14

k
w—w
22(1_—u)k+1>’ E,k:l,Z,...,

where
—J1-4; N 1
= |Z]<-.
14+ 4/1—-4; 4

These and related results were presented by Vincze on a number of occasions in confer-
ences, including the 4th, 5th and 6th Berkeley Symposium on Mathematical Statistics and
Probability.

Vincze (1961) considered two-dimensional sampIeX(l) i(z)) and (Yl.(l), Yl.(z)),

i =1,2,...,n from distributions having theoretical distribution functiofgx, y) and
G(x,y), resp. Empirical distribution functions are denotedyyx, y) andG, (x, y), resp.
TestingF =G, he proposed to chooge- y randomly according to the distribution function
H (y)= F (o0, y) and consider the maximum deviation betwégiix, ) andG, (x, 1). The
following distributions were determined:

P <maX(Fn(x, n—Gu(x,n) < E)
(x) n
_ 1 Z” Z” (2n—i—j)<<i+j)_<l+j))
(2n+1) (2”) 0 jemaoi b N T i i—k

k
P <n(1§x|Fn(x, n—Gulx,n| < —>

and

i: mln(il:+k) <2n — ) Z( 1)k<i+j)
(271"‘1) (Zn) i=0 j=max(0,i—k) n= h=—00 i+ hk

Vincze's idea in determining joint distributions was to construct tests based on a pair of
statistics (instead of one single statistic) in order to improve the power of the\lexize
(1965, 1967, 1968a3tudied the power function of several tests based on the empirical
distribution function. He computed the power function of the two-sample Smirnov test and
showed by numerical examples that the power can be increased by using a pair of statistics
instead of one statistic. In particular, he considered the maximum and its location as a pair
of statistics.

In Vincze (1970, 1972)several problems are treated concerning Kolmogorov—Smirnov
statistics. Among others an explicit formula is given for the two-sample case for discontin-
uous random variables and a discussion is given in the two-dimensional case.
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Finally, we mention several results@saki and Vincze (1961, 1963a, 196ddncerning
equivalence relations, proved by bijections. Define the following quantities:

2n—1
Ap= > 1{Sii1=0, 8 =+1},
i=1

2n
=) 1S >0},
i=1

Ty = min{i 2 S =4},

Then we have
{An=0—1, S1=+1} <= {120 =21},
{(Bf=¢, Rf =r} = {2, =0, m, =71}

Here{---} <= {---} means that there is a bijection between the two sets of random walk

paths.
These relations are valid in the case wifgn= 0. Now consider the general case, i.e.,
no restriction on the terminal point. Define

2n
2)29 = 5" (1S > 2k) + 1{Sj—1 = 2k + 1, S; = 2k)).
i=1
Then

{y(Zik) = g} — {SZn—Zg = SZn = Zk}

The last relation implies the following distribution result:

1 /2 2n — 2
(2k) 8 8
P(y5, :g)ZZ_Z”(g>(n—g+k)’ g=1...,n—k.

In casek = 0, we recover the finite arcsine law 6hung and Feller (1949)

3. Information theory

Vincze (1960)gave an interpretation of tHedivergence as below, concerning the infor-
mation of a continuous random variable relative to “the distribution of our interest”.
Theentropy ofasystemofevets, Ao, ..., A,,inthecasé (A;)=p; (i=1,2,...,n),
is E, =Y ;4 pi log(1/pi). Consider the quantity

n
IL,=logn—E,= Z pilognp;, 0<1I,<logn,
im1

which is called the “information of the system of events”. Edbe a continuous random
variable with distribution functiorr' (x) and density functiod” (x)= f (x) > 0 for any value
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of x. Vincze introduces a distribution functiah called the “distribution of our interest”.
Consider a system of divisions of the real line such that the points of division are regarded
as the quantiles of a distribution function, that ds(,x,ﬁ")) =k/n, k=121,2....,n—1;
n=12 ..., $(—00) =0, ¢(c0) =1. For eacn, the information of the system of discrete
eventsAE”) = {x,.(f)lg E<x™ =12 ... nis

L@ =Y (Fx) = F(x")) logn(F (x") — F(x{"))),
i=1

or, after the substitution of/k = d)(x,.(”)) — d)(x(f)l),

i

u Fix™) — F(x™)
L&)=Y (Fa™) - F(x™) log — i1
’ ; ! o) — (™)

Assuming thatp’(x) = ¢(x) > 0 for all realx, by a limiting process one obtains the relation

- _ [ FACI I
im 7, 4(O) —/m f(x) log o0) dx = 14(9),

which is the so-callettdivergenceKullback, 1959. The expressioi (<) can be regarded
as the information of the random variable relative to the distribufiai our interest.

For another use dfdivergence as treated fincze (1974) we state the following result
of Sanov (1957)let X be a random variable whose distribution functiois) and F (x)
be any distribution function such that the Borel measuggandyu induced, respectively,
by ¢(x) and F (x) are equivalent. Lep  (x) be the empirical distribution function of
after a large numbeX of independent trials; then for evesy- 0

P (Sup|q§N(x) — F(x)| <8) ~ exp(—NI),

wherel = [ log[dF (x)/d¢(x)] dF (x) is thel-divergence. On the basis of this resulficze
(1974)gives a correct formulation of the maximum-probability principle valid for both con-
tinuous and discrete random quantities. The principle consists in finding the distribution
function F (x) which minimizes thd-divergence under the constraintst dF (x) = m #

J xd¢(x) and [ dF(x) = 1. It is then shown that thedivergence is the natural exten-
sion to continuous random variables of Shannon’s formula for discrete entropy. Conse-
quently, the maximum-probability principle provides an information-theoretical foundation
of statistical mechanics, as suggestedlaynes (1957who considered only the discrete
case.

Vincze (1975)also extends the maximum-probability principle to the case where the
components of the system are not statistically independent, and for illustration he discusses
the derivation of the Bose—Einstein and the Fermi-Dirac distributions.

Further results of Vincze in this area can be founBimi and Vincze (1989, 1990, 1992)
Vincze and Bfos (1997)andVincze (1962, 1968b, 1975)
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4. Cramér—Fréchet—Rao inequality

LetX=(X1, X2, ..., X,) beasample from a distribution having (joint) dengity; 6)=
p(x1, x2, ..., xy; 0) with respect to a measuge wheref is a parameter. Let(X) be an
unbiased estimator @f(0), i.e. Eg(t (X)) = g(0). Cramér (1946)Fréchet (1943andRao
(1945)concluded the following inequality:

(g'(0))?
10) '

op 2
1(0)=/<@> p(x; 0)dx.

For fixed0, 0', Vincze (1979, 1981%onsidered the mixture

Var (1 (X)) =

with

Pu=pa(x;0,0) =1L —)px;0) +ap(x;0), O<a<1l
with o being a new parameter. Then

_1X) —g(0)
g(0) —5(0)

is an unbiased estimator of
It follows that

IS

. 1
Vary (&) 2 ———-,

11(93 9/)
where
o (pxi0) = p(x; 0)?
0.0 = P 0.0)
Then
1
(1 — o) Varyg(t (X)) + aVary (1 (X)) > m —o(l— o)

and in the case when V@ (x)) does not depend ofy, Vincze concluded the following
lower bound:

Var(z (X)) > supsupax(l — o) (g(0) — g(e))2 (; _ 1> )
“ g (1 — o) Jy

In certain cases this gives a reasonably good bound. This problem was further investigated
by Puri and Vincze (1985)Govindarajulu and Vincze (198@ndVincze (1992, 1996)it

was shown among others that for the translation parameter of the uniform distribution this
lower bound is of orden—2, which is attainable.
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5. Estimation of density and its derivatives

Let f(x) be a density on the intervéd, ) and for positive integers consider a partition

a :x(()") <x§n) <x§”) < <x,§") =b. Put

L
KLt f () de

x(n)

Slgn)zkw)—, k=0,1,2,....,n— 1.

e+1 f(f) dt

(n)
Xk

Rényi (1952, personal communication) raised the question of whether can be

determined if for each we know{s{", s, s, ..., s} for a partition, such that

; (n) (n) \ _
lim max (x;”” —x;2;) =0.

n—oo 1<i<n |
Vincze (1954)answered this question in the affirmative. His idea was to show that

su,v) — (u+wv)/2 N if/(x)
(v —u)? 12 f(x)’

whenu, v — x,

where

_fu” tf(r) dt
) fode

This was extended b@upta and Vincze (1998s follows:

s(u, v)

[0 Le(t;u,v) f (1) dr

(r)
— f(x), whenu,v— x,
(v—u)tt

2" (2r + D!

where £ denotes theth derivative off andL, (¢; u, v) denotes the Legendre polynomial
of degree belonging to the intervals, v) normalized such that

v vV—u
L2t;u,v dr = .
/u i ) 2r+1

Now suppose we want to estimate

b /
_ J'(x)
1—/a !P(f(x))f(x)dx.
wherey(y) is a given function. For examplé(y) = y2.

Assume thatXy, ..., Xy) is a random sample taken from a population with the distri-
bution function having the densit§(x). For a partitionng =a <x1 <x2<---<x, = b,
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introduce the following notations:

N
Vi = Z Ixi—1< X < x},
j=1

N
- 1
X(i) = v_ Z le{xi_ngj <x,'},
[
j=1

X1t X

mj = 2 , di=

1
—X; — X;-1).
\/1—2( i i-1)
Cséki and Vincze (197 &howed that under certain regularity conditions,

n )_((i) —m;
=Yy —
i=1

1

is a consistent estimator bfasN — oo.
A related question was treated@saki and Vincze (1978s follows. Under the previous
notation forX;, consider

2

n —
=2 2 : @) i
Xn= ( O'l ) viv

i=1
where
Ei =E(X1]xi-1< X1 <x),
02 =Var(X1|xi_1 < X1 <x;).
It was shown that (for fixed), asN — oo, the limiting distribution of the above defined

%° statistics ischi-squarewith n degrees of freedom. This provides an alternative method
for a goodness of fit test instead of the usual Pearson’s chi-square test.

6. A characterization problem

Rényi and Vincze posed the following question: let
@) =14art +apt®>+ - +ant" +---
be an entire function. Suppose that, on the one hand,

a,'ti .
pj:m, l:1,2,... (61)

is a probability distribution for all fixed > 0, i.e.,

00 .
a;t'

— =1 >0,
A
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and, on the other hand, foreack-0, 1, 2, ...

f@®

is a density, i.e.,

(6.2)

o0 aitl

o SO

Is it true thatf () = €'?

Itis clear that forf (1) = €, a; = 1/i!, (6.1) is the Poisson distribution with parameter
while (6.2) is a gamma density. The converse, i.e. to showfttrat=¢€ is the only solution,
proved to be a rather hard problem. This (open) problem was also mentioned in a book by
Hayman (1967)

In attacking this problem, Vincze and his coauthdisyman and Vincze, 1978, 1979
Hall and Vincze, 1981; Vincze, 1984, 1988; Csordas and Vincze,)1892ugh they did
not solve the problem completely, made significant steps toward the solution and obtained
many interesting side results. It was showrHisyman and Vincze (197 &hat

d=1 i=012,....

gVl < f(1) <eteVt

with some constant> 0. Based onthisresult, afinalanswer (i.e., under the given conditions,
it follows that f (r) = €) was given byMiles and Williamson (1986)
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